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Rezumat. in acest articol, se studiazi sistemele diferentiale cubice plane cu drepte reale afine invariante
de multiplicitate totald opt. Pentru aceste sisteme diferentiale (in total 24 de sisteme diferentiale) este rezolvata
problema de integrabilitate prin diverse metode: metoda Darboux, metoda directd si metoda computationala. Re-
zultatele obtinute prin cele trei metode coincid, adica solutiile obtinute sunt echivalente intre ele sau difera intre
ele printr-o constanta de integrare.

Cuvinte-cheie: Sistem cubic diferential, dreapta invarianta, integrabilitate.

Abstract. In this article, we study cubic planar differential systems with affine real invariant straight lines
of total multiplicity eight. For these differential systems (there are 24 differential systems) the integrability pro-
blem is solved by various methods: the Darboux method, the direct method and the computational method. The
results obtained by these three methods coincide, i.e. the obtained solutions are equivalent to each other or they
differ from each other by an integration constant.
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1. Introduction
Consider the polynomial system of differential equations

& &
X=P(x,») ¥=0@xy I
where the functions P(x, y) and Q(x, y)are polynomials in the variables x and y of degree n,

where n = max{deg P,deg O} or the differential equation

O(x.v)dx — P(x, y)dy =0. ?)
Let X be the vector field associated with the system (1) and defined by the relation

0 0
X =Px,y)—+00x,y)—.
ox oy

Definition 1. A curve f =0, f e C[x, y] 1s called an algebraic invariant curve for the system
(1) if there exists a polynomial g +(x,y) € Clx, ] called the cofactor of the algebraic invari-

ant curve, such that V(x, y) € R? the following identity holds

311



STIINTA SI EDUCATIE:

; MATERIALELE CONFERINTEI STIINTIFICE INTERNATIONALE
NOI ABORDARI $I PERSPECTIVE ’ ’ ’

X(N) =K, (x,y) & ———

f( y) P, f<yy> 0(x,y) = f(x,))-K,(x)) (3)

In particular, if f(x,y)=ax+by+c,a,b,ceC, (a,b)# (0,0)then s =0 itis called an
invariant straight line of system (1).

Definition 2. An algebraic curve f—( of degree  is invariant for the system (1) with algebra-

ic multiplicity m, if p is the largest natural number such that £ divides E, (X) where

2 123 v

E(X) = det X(») X(vy) . X(v) , 4)

Xy Xy o X))
and y v, .., v, is a basis for the vector space of polynomials of degree d : C,[x, y]

In the case of invariant straight lines, i.e. 4 =1, we can take v, =1, v, =x, v; = y and

E(X)=P-X(Q)-0-X(P) (5)
In 1878, Darboux published the paper [2] in which he indicated a general method for
integrating differential equations of the form (2) using the algebraic invariant curves of the
polynomial systems.

Let the polynomial system (1) have N invariant algebraic curves f,(x,») =0, j =LK , N,

L.e. there are cofactors k (x,y) j=1K N, such that the identities hold:

DD i,y e LD o1y = 1) K ) (6)

Ox oy
The idea of Darboux is to search for a first integral of system (1) in the form

N
Feey =TT/ xn=C ™
Jj=1
where o, € C and f;(x,y) € Clx,y] Afirst integral (7) is called a Darboux first integral.

Theorem 1. The polynomial system (1) has a Darboux first integral of the form (7) if and only

if there exist constants J=1K,N not all identically zero, such that
J b 2 b b
oK, (x,9) + @y K, (r, ) +K +ayKy(x,)=0. &)

In case system (1) does not have a first integral of the form (7), Darboux proposes to con-
struct the integrating factor of an analogous form
N

px, ) =11/ (x), (9)
j=1

where a;eC, and f;(x,y)=0_ j=1K 6N are algebraic invariant curves.
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Theorem 2. The polynomial system (1) has a Darboux integrating factor of the form (9) if and

only if there exist constants j=1LK,N> such that

9
a,;

"y __OP(x,y) 00(x,y). (10)
;0@ K (%)= o Y

Theorem 3. If system (1) has N distinct algebraic invariant curves f;(x,y)=0, j = LK ,N,

nln+1
where NV 2 % , then system (1) has a Darboux first integral of the form (7).

Last years, the Darboux theory of integrability has been developed and extended for inva-
riant algebraic curves taking into account also their multiplicities. Multiple invariant algebraic
curves generate exponential functions /% called exponential factors, which are part of the
first integral (or integrating factor): ﬁ fja j ﬁ ¢&/h In such situations, one speaks on genera-
lized Darboux integrability. J=l =1

In [3-8] papers, the classification of cubic differential systems with a number of real and/

or complex invariant straight lines by directions has been carried out and the integrability pro-
blem has been solved using the Darboux method [2].

2. New results
In this paper we consider the cubic differential system

i = Po+ Py (%) + Py (%, 0) + ps(x,y) = P(x, ), Genp.oy=1, (1)
Y =40+ q (1) + g, (%) +g5(x,3) = O(x, ),

where p, = g, x'y/ and g; = > b, x'y’ (k=0,3) are homogeneous polynomials of de-

gree k in X ahd y . The coefﬁcier;g :C];j and b; in polynomials Px and 9; are assumed to

be real, and the condition GCD(P,Q)=1 ensures that the right-hand sides of system (11) have

not common factors.

Theorem 4. Any cubic differential system with eight real invariant straight lines (including
their multiplicities) can be transformed via an affine coordinate transformation and a rescaling
of time into one of the 25 systems listed in Table 1 (see [1]).
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Tabelul 1. Cubic differential systems with eight real invariant straight lines and their first integrals

No Differential systems First integrals/integrating factor
&
| X :x(x+1)(x—a), (x+1)a (x_a)yl+a ~
. 1+a a -
§=y(y+l)(y—a),0<a¢1, x(y+D)(y-a)
, | [Fereen e
$= 0+, y(x+1)
& r
3 X =x(x=D(x+r), r=0, (x—)x+m)"
' 1+r o
%:y(y—l)[(l—l’)X+ry+r], y i (x=D)(x+r)
& 0 )
I e (=) (x+y) _
. r+l _ r+l 0
¥ = [0 -Dx+ ) Xy
&
X=x"-Dlx+2y+ry),
r r+l
5. | =07 -Deramy), el (1] .[r“y—r—l ¢
2 y=1{x-1 rx+y+r+l
r(r" =D +2)2r+1)=0,
%zxz(rx+2y+ry),
& xy(rx+ y)
6. Y=y (x+2rx+y), (y_—x)zz :
r(r’ =D)(r+2)2r+1)=0,
y+9
& S A
; x =x(x* —9x—xy—y?), H 32 (x—y—9)
%z_y2(9+J’)a 2—y+9+1n al =C;
y X y(x—y-9)
1
& S
8. x:x(xz—xy_y2), H x2y(x_y)
& —
y==y, Y imEm0y
X Py
xX-y
& pu=—1-r
9. X =x(1-x)(y +1), Cyx—y—1)
%zy(l—ery—xz), Z+x—y+ln—(x_y_l)x=C;
X Y
&
0. x=(x"-D(x+y), ~ Xy |
5‘/‘22x(y2—1), (x* =D*(y* -1
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2p=x) =D+ _
x? -1 x+D(y-1)
1= x+1
" %zx(xz—l), xz(x—l)Z’
: 2
%zx—y+x2+3xy, dx+y+2xy+x y—lnsz;
x(x+1)
%—x(x—r+l)(x+r+1) +r
2|1 : (zj LrreD
Y =yQ2x—r>+1),|r |21, * (x—r+l)
&
3 Xx=x(1-x+r)(l—-x-r), x%y
§:2y(x+r2—l),|r|¢1, (I=x=r)d-x+r)
&
14 x = x(x* - 1), 1 (=xP)y 1 .
%:x_zy: x3’ x2 X ’
&
15 X =X, A 1 1 c
: =——-—+G;
§:l+x, 2xt X
§‘=x2(x+1), x
16. y+—+In——=C;
& X x+1
y=1
x g
17 §‘=X(I"+x+)€) ny txr ‘2“““ ‘
% ,r<1/4,r#0, X 1 1
n —_ = , :—;
y(2x+1) 2x+1 4
8 ()%(:x(x+l)(x+r),r¢{0;l}, y 3
%: Y(r+2x +2rx +3x%), Hx+1)(x+7)
& r+l
o | [F =300+ 240+ D), ( y J Qtrexer) = C
: x(x+1)
& >
V=y(r+2+0G+2r)x+rx"),
2r+3x2+2r2y+ 3 1n‘x+\m‘_c
i %:x(r+x2), x(x* +7) 42 -r ‘x—\m‘ ’
%=1+ry+3x2y,rﬁo, v 1
3 —SZC,I":O,
x°  5x
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&
=x(1+x), 1 +1 .
21. ; x(1+2) U= l,x(x ):Ce;
y=y(l+x-x%), D)y
&
X =X,
> x5y =x") = C;
& 3
y:_zy_x:
§-x )
23. ’ —y+2x+x2=C;
& 2 3 X
y=y—-x —-x,
%zx(x+l), y
24, —+x—-In|x+1|=C;
& 3 X
y=ytxy-x,
&
= —4x-1
25, ; x Cexl), D nx=C
+
y=—1-3x+x’y—x, x(x

For the class of cubic differential systems with eight real invariant straight lines, the
integrability problem has been solved by various methods: the Darboux method (finding the
Darboux first integral or the Darboux integrating factor), direct method (reducing the differen-
tial system to a first-order differential equation), and computational method (using Wolfram
Mathematica software), see Table 1.

3. Justification

We will show various methods of integrability for the differential systems listed in The-
orem 4.

Case I. Integrability of System No. 3. Let the differential system be

=x(x—D(x+r), r=0,

(12)

Qo =Qo

y=y(y=Dld=r)x+ry+r],
where [, =x, L, =x—1, , =x+r, [y, =y, Is =y—1, [ =x—y, I, = x+ry are the invariant
straight lines of this system.
The cofactors of the mentioned straight lines are

Kl(x,y):(x—l)(x+r), Kz(x,y):x(x+r), K3(xay)=X(X—1),
Ky(x,y) = =Dx—rx+ry+r), Ks(x,y) = y(x—rx+ry+r),
K6(x,y):x2 +xy+mt +rx—x—r, K7(x,y):x2 — XY+ —x—r

respectively. Using the relation (8), we obtain
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o (x=Dx+r)+ta,x(x+r)+a;x(x =D +a,(y —-D(x—rx+ry+r)+

+a5y(x—rx+ry+r)+a6(x2 +xy+ry2 +rx—x—r)+057(x2 —rxy+ry2 +rx—x—r)=0.

By equating the coefficients next to the monomials y#,,/ where f, j = 0,2 we will have

0.0,
YV oo +aytag+a; =0,
XVl =Day +ray —ay + (= Day +(r—Dag +(r = Da, =0,
xOyt: as =0, (13)

x2y': o tay taytagta; =0,

Xyt A-ra,+(1-ras+as—ra,; =0,

a, +as+a. +a, =0.
x0y2: 4 5 6 7

System (13) is an undetermined compatible system that has the solution
o =as=0,0,=—0,/r,a;=—0a;, 0, =—(r+Da,/r,as =a,/r.
Substituting o, = we will have:

Therefore, by substituting the obtained exponents and the invariant straight lines of the system
(12) into relation (7), we obtain the Darboux first integral:

(x=px+m)"
Y =D(x+7)

=D )Ty (=D (=) (x+ )" =C or

Case II. Integrability of System No. 4. Let the differential system be

3
x=rx, r#0,

(14)
& - Dxtyl,

where [y =l =l =x,ly=ls=y,lg=x—y,l; =x + are the invariant straight lines of
this system.
a) Darboux method. Therefore, the cofactors of the mentioned straight lines are

Kl(xay):x 23 Kz(an):_x > K3(X,y):—2r’ K4(X,y)=y(x —x+y)
2 2 2 2
Ks(x,y)=x-x —y, Kg(x,y)=x “+my+y°, K;(x,y)=x " -y +y
respectively. Using the relation (8), we obtain
ra1x2 —ro, =2ray;+a,y(k —x+y)+as(x—x —y)+o(x 2 +rxy+y2)+
+ o, (x 2 -y +y2)=0.

By equating the coefficients next to the monomials x¥y7, where k, j = 0,2 we will have
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FUNCE o =0,
X% ey + (= as =0,
X0yt as =0,

x2y: oy tag+a; =0, (15)

PO (r-Day+rag—a, =0,

a, +o, +a, =0.
x0y2: 4 6 7

System (15) is an undetermined compatible system. From system (15), we obtain:
o =—(r+Da;, a, =0y, =05;=0,a, =—(r+Da,, o, =ra;.
Substituting ¢, =1 we will have: ¢, =y, =—r -1, @, =03 =5 =0, a, = 1.

Therefore, by substituting the obtained exponents and the invariant straight lines of system (14)
into relation (7), we obtain the Darboux first integral:

(x=») (rx+y) _cC. (16)

r+l _ r+l
o )

2
x—r—leO/er/x y—r—leO/y(x_y)r(rx+y)l — C or

b) Direct method. The system (15) can be reduced to a differential equation of the form

dy _y[(r=Dx+y] y,zl(zf -(r—1+1}

dx rx’ r\x X
The obtained equation is a homogeneous differential equation. We make the substitution
P z, y' = z+ xz'. In the result, we obtain
x
Z+xz':lzz(r—l+z):>x%=Z(Z_l)(z+r):> az zﬁ.
r dx r zZ(z=1)(z+r) rx
| —
2z-D(z+7r) rd x

Integrating both sides, we obtain:

We decompose the rational fraction into elementary fractions:
1 A B C 1 1 1 1

_— =T + = = + + .
z(z=-D)(z+r) z z-1 z+r z(z-1(z+7r) rz (r+Dh)(z-1) r(r+h)(z+7r)
In the result, we obtain:
1pdx

I(_L+ oo, J _
rz (r+h(iz-1) r(r+)(z+r) rY x

2

from which

h|C
_lh|z|+Lh|Z_1|+Lh|z+r|:lh|x|+J,
r r+1 r(r+1) r r
(z=D"(z+7r)

= C, where
r+l _r+l
z x

or by performing some elementary transformations, we will have:

_ Y _ (x=»)"(x +y)
C = +C"*!. Returning to the substitution y “ we obtain P =C.
X
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Case I1I. Integrability of System No. 22. Let the differential system be
&

X =x,
$_ 2y, (a7

which has the invariant straight line /; = x. System (17) can be brought to the form

r+z __x2
Y (18)

being a linear differential equation. Using the Wolfram Mathematica Software, we obtain:

55 Untitled-1 * | e
2 -~
n[i]:= DSolve [Y' [=] =- v [x] -x*, ylx], x] ] =
F oo
Out[1]= {{y[x] - —% + ;-[:.2] }} j
125% =

i

Similarly, using the mentioned methods, the other prime integrals from Table 1 are also
demonstrated.
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