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Rezumat. Se considera ecuatia diferentiala Lotka-Volterra de forma

vla x4 byy + e )dx = x{a x + by + ¢, )dy cu coeficientii &;. by.c;. a5, by, £; reali si variabile x.¥ re-
ale. Aceastd ecuatie, introdusa de catre Lotka si Volterra, apare in ecologie la modelarea a doua specii in inter-
actiune. In prezent ecuatia are mari aplicatii in chimie, matematica aplicata si intr-o mare varietate de subiecte
din fizica, cum ar fi fizica laserului, fizica plasmei, retele neuronale, hidrodinamica si altele. In aceasta lucrare,
in functie de coeficientii ecuatiei, se studiaza integrabilitatea ecuatiei folosind diverse metode, inclusiv determi-
nand factorul integrant de forma # = h3*, unde h, (x. ¥} este un polinom de gradul n.n € {1, 2,3}

Cuvinte-cheie: ecuatia diferentiala Lotka-Volterra, factor integrant, integrabilitate.

Abstract. We consider the Lotka-Volterra differential equation
yla,x + by + e, )dx = x{a,x + byv + ¢, )dv. in which the coefficients @s. by.¢4. @y, Ba, €2 and variables x.¥
are assumed to be real. This equation introduced by Lotka and Volterra appears in ecology where it models two
species in competition. It has been widely used in chemistry, applied mathematics and in a large variety of physical
topics such as laser physics, plasma physics, neural networks, hydrodynamics etc. In this paper, depending on the
coefficients of the equation, we study its integrability by using different methods including the existence of inte-
grating factors of the form # = hy*, where hy (x.¥) is a polynomial of degree n. n € {1, 2, 3}.

Keywords: Lotka-Volterra differential equation, integrating factor, integrability.

1. Introduction

Differential equations are of interest to researchers because of the possibility of using
them to study a wide variety of problems in the physical, biological and social sciences. Mathe-
matical models of the processes and their solutions lead to equations relating the variables and
parameters in the problem. These equations often enable us to make predictions about how the
natural process will behave in various circumstances.

We consider the first order differential equations
y _yla;x+byy+cy) 1
‘_x[a1x+b1}’+c1]’ =
where the coefficients a,, by, ¢;,a,, b,, ¢, and variables x, y are assumed to be real. The equ-
ation (1) introduced by Lotka and Volterra in 1920 appears in chemistry and ecology, where
it models two species in competition. It has been widely used in applied mathematics and in a
large variety of physical topics such as plasma physics, neural networks, laser physics, hydro-
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dynamics etc [1]. The integrability of equation (1) was examined by many mathematicians
using different methods: the integrability via polynomial first integrals and polynomial inverse
integrating factors was studied in [1], the Darboux integrability by using invariant straight lines
and invariant conics was investigated in [2], the Darboux integrability by using invariant strai-
ght lines and invariant cubics was carried out in [3].

In this paper we identify the cases when the differential equation (1) is separable equation,
homogeneous equation, linear equation, Bernoulli equation, exact equation and study the exis-

tence of integrating factors of the form g = h7*, where h,, (x, y) is a polynomial of degree n in
xand y, where n € {1, 2,3}

2. Elementary cases of integrability

For arbitrary coefficients a,, by, ¢;,a,, b,, ¢;, there is no general method for solving the
equation (1) in terms of elementary functions. We will describe several methods, each of which
is applicable to a certain subclass of the first order equation (1):

1) If a, = b; = 0, then equation (1) is separable equation. It can be solved by separating

variables
dy dx
v(byy +¢,) x(ax+e ()
A 24 2 1 lj

and integrating the equation (2).

2) If a, = b; = 0, then equation (1) is also separable equation. It can be solved by sepa-

rating variables
dv dx
= (3)
y(ayx +6;)  x(byy+cy)

and integrating the equation (3).

3)If ¢; = ¢, = 0, then (1) becomes a homogeneous equation

g:}’[%x"‘bz}’j. (4)
dx  x(a;x+byy)
The equation (4) can always be transformed into separable equations by a change of the depen-
dent variable ¥y = x - v(x), ¥y = v(x) + xv (x).
4)If a; = ¢; = 0, then (1) is a first order linear equation

dy b, _I_rx::rc-|-n:‘2 ¢
=2y (5)

byx” byx

and can be solved by method of variation of parameters. Another method is to look for general

solution of (5) into the form ¥ = u(x) - v(x), where u(x) and v(x) are unknown differentiable
functions.

5)If b, = ¢, = 0, then (1) is a first order linear equation in x = x(y)

dx b,y +
_a  bhyte

(6)

dy a,y a,v

It can be solved by method of variation of parameters or looking for general solution into the
form x = w(y) - v(¥), where u(y) and v(y) are unknown differentiable functions.
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6) If b, = 0, then (1) is the Bernoulli equation

dy a,x + ¢, b,

= t sy @)

dx x(a,x+ r:?l:]}F x(ax + c1]F '

In order to solve (7) we first divide the differential equation by ¥*. Then we use the substitution

z=y"% z' = —y 2y to convert (7) into a linear equation in terms of z = z(x).
7) If a, = 0,then (1) is the Bernoulli equation in x = x(¥)
dx by+c a,
dy  y(byy+ ;) y(b,y+ c;)

x2. (8)

1

Dividing the equation (8) by x“and then using the substitution z = x~%, z' = —x~%x we con-

vert (8) into a differential linear equation in terms of z = z(v).z = z(y).

8) If a, = —2a,, by = —2b,, ¢; = —c,, then (1) is an exact differential equation. There
exists a function F of two variables x and y having continuous partial derivatives such that the
exact differential equation definition is separated as follows

F.(xy) = y(—2a;x + by — cy), F(x,y) = —x(a;x — 2byy + ¢4).
Therefore, the general solution of the equation is ng}if: - alx: ¥y —cyxy = £, where C 1s an
arbitrary constant.

9) If the differential equation (1) is not exact, it is possible to make it exact by multiplying

using a relevant factor u = u(x, y) # 0 which is known as integrating factor for the given diffe-
rential equation [4], [5].

3. The integrating factors of Lotka-Volterra equation

Let us write the differential equation (1) into the form
P(x,y)dx + Q(x,y)dy =0, (%)
where P(x,y) = y(a,x + b,y +¢,), @(x,¥) = —x(ay;x+ by +¢;). We assume that the
equation (9) is not exact and P(x, y), are coprime polynomials.

Definition. An integrating factor for equation (9) on some open set U of R? is a €* function u
defined on U, not identically zero on U such that

p ¥ _ aj:p(aq ap). (10)

av Qﬁx 5_5

It is known [5] that if P(x,v) and @Q(x,¥) are C! functions on U,
and P? + Q2 # 0, then the equation (9) always has an integrating factor on U. In general, the
problem of finding an integrating factor for a given differential equation is very difficult. Leonhard
Euler introduced the idea of using an integrating factor to solve a differential equation.

301|



STIINTA SI EDUCATIE:

; MATERIALELE CONFERINTEI STIINTIFICE INTERNATIONALE
NOI ABORDARI $I PERSPECTIVE ’ ’ ’

The equation (10) for determining integrating factors for Lotka-Volterra equation (1) can
be written in the form

d a
x(a;x + by + cﬂé +v(a,x + b,y + cgja—i 4

—|—.u,[(2a1—|- az)x + (by +2by)y + ¢ +C:) =0. (11)
In this paper, we investigate the problem of the existence of integrating factors of the form
u = h1, where h,(x,y) is a polynomial of degree n,n € {1,2, 3}

dy
= h,((2ay + ax)x + (by + 2b)y + ¢, + c3)- (12)

dh
x(a;x+ b,y + clja—; +y(a,x+ b,y +c,)

1) Let n =1 and hy; = agy + aypx + ay, ¥y, Where (ay,, ag,) # 0. In this case identi-
fying the coefficients of the monomials x‘y7 in (12), we obtain a system of six equations for the

unknowns a,,, a4, @y and the coefficients of equation (1):

((cy +e3)ag =0,

(a, +a,)a;; =0,

(by + by)ay =0,

bya,; +a,ay =0,

(2ay + a,)ay, + c,a,, =0,
\(b; + 2b,)ay, +c,ay; = 0.

Solving the system (13) in ey, @45, @4, , We prove that the Lotka-Volterra equation (1) has

i

(13)

not integrating factors of the form g = h7* with P(x, ¥), @Q(x, ¥) coprime polynomials.

2) Let n=2 and h,=ay +a,,x+ayy+ayx’+a,xy+a,y’, where
(Gaq, Gyq,@pp) #= 0(@5q, 0141, Ay, ) # 0. In this case identifying the coefficients of the monomi-
als x*y7 in (12), we obtain a system of ten equations for the unknowns ayg, @yg, @g1, @5, @11, 8g2
and the coefficients of equation (1):

((c; +c5)ap, =0,

(2a, + a,)ay, + c,a., =0,
agy(by +2b,) +cjay = 0,

(ey —ex)azy — (ay + az)asy = 0,
byay, +ajay =0,

(by + by )ag — (63— cy)ag, = 0,
@y055 = 0,

(by — 2by)ayy —asayy =0,
byayy + (2a, —ay)ag, =0,
\b,a,, = 0.

(14)

Solving the system (14) in agq, @4, Gy, Gags Gq1. G2, WE determine six cases (Table 1)
for Lotka-Volterra equation (1) to have an integrating factor of the form g = h3*.
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Table 1. The Lotka-Volterra equation with integrating factors

Case Lotka-Volterra equation Integrating factor
(1) y(byy+ c)dx = x(a;x + 2byy + cp)dy u= lﬂ
. 1
(i1) ylasx + ca)dx = x(byy + ¢y )dy u= -
1
(iii) y(2a.x + byy + ¢)dx = x(ayx + c5)dy p=—
ye
i d (a1x + byy +¢y)d _ 1
(iv) GYaX = Xa X+ 0y T ¢ Jdy H = Maax + byy)
(aox + bay + ¢5)d dy _ 1
(v) viazx + by + cp)dx = capxdy H= via,x + byy)
i (bay+ cz)dx = x(ayx + ¢;)d = !
" TR H = e = by)?

and prove the following Theorem:

Theorem 1. The Lotka-Volterra equation (1) has an integrating factor of the form g = h3*
if one of the following conditions is realized:

(1) a, =0,by = 2b,y, ¢ = c5,byb, # 0;
(1) a; =by =0, a, # 0;

(i) a; = 2ay, by =0,¢4 = ¢y, 04a, #0;
(v)a, =b, =0,¢q = ¢y, a4by¢, = 0;
(v) ay =by =0,¢y = ¢, a,b,¢0q #0;

(vi)a, =b; =0,e0 =cj,ay 0.

3) Letn =3 and
hy =agy +aypx + ayy + ax® + ayxy +ag ¥+ agex® +ayxy + apy? +agyt,
where (@gq, @54, 042, @3 ) # 0. In this case identifying the coefficients of the monomials x*y?
in (12), we obtain a system of fifteen equations for the unknowns a;;,{ + j = 0,1,2,3 and the

coefficients of equation (1):
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((ey+c)ag =0,
(2a, +a,)ay, + c,a,, =0,
(by +2b,)ay, + c,ay, =0,
(cy —cx)ayy — (ay +aj)ayy =0,
ayob, +aga, =0,
(c; — cy)agy — (by + by)ag =0,
(2e; —€3)azy — aza,y =0,
q €189 T (by — 2by)ay, —ayay; =0,
€184y — @41y — (2ay — ay)ay, =0, (15)
(2¢; — €y)agg — byay, =0,
(a, —ay)ag =0,
(b, — by)as, =0,
(a; — ay)ay, + (by —bylay, =0,
(a; —ay)ag; =0,
\(by — by)ag; = 0.

Solving the system (15) in a,; i+ j = 0,1,2,3, we determine ten cases (Table 2) for

ij’
Lotka-Volterra equation (1) to have an integrating factor of the form g = h3*.

Table 2. The Lotka-Volterra equation with integrating factors

 Case [  [.otka-Volterra equation Integrating factor
1
(i) via;x + byyv)dx = x(a,x + byy + ¢y )dy = p:
1
(ii) ylax + byy + c2)dx = x{ayx + byy)dy u= pe
1
(bay+ c2)dx = x(byy + ¢4)dy -
(iii) ¥(bay+ cz)dx = x(byy + ¢q)dy S
1
(iv) ylax + co)dx = x{a.x + ¢y )dy u= (ax ¥ o)

1

v) vlayx + by + cp)dx = x{ayx + byy + ¢)dy g = Y(aax + bay)

1
(Vl) }.(ﬂ_zx + b:} =+ C:}l‘i‘l’.’ = x(alx + Cg}ﬂ:}. H= }?(CE + ﬂ.lx}(bg}" + (ﬂz_ﬂlj'xj'
(byy + cy)dx = x(ayx + byy +cy)d .
e bav+ o ddx = x{aqyx r+c ’ w=
(vii) yibay+ g 1 1y +cp)dy yley + bay)(aix + (by—b3)y)
( +h }r_j ( + b }d :
iii X T 0 V)ax = xla x ay B=
(viii) ¥ y 1% + byy)dy xv((ay—az)x + (by—b2)y)
i (byy+ c2)dx = x(ayx + byy + c;)d = :
(ix) VD2V T ¢y = XX 7 DY ¥ cpjay H= x2(c; + byy)
1
(x) ylayx + byy + cq)dx = x(ayx + ¢y )dy K

~ v3e + agx)

and prove the following Theorem:
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Theorem 2. The Lotka-Volterra equation (1) has an integrating factor of the form g = h3?*
if one of the following conditions is realized:
(1) a, = a,,c; =0, by # by;
(11) by =b,, ¢, =0, a; # a,;
(111) a, = a, =0, by # by;
(iv) b =b, =0, a, # a,;
(v) a, = a;, by = by, ¢ #cy;
(vij by =0, ¢, =c,,a,b,(a, —a,)(a, —2a,) # 0;
(vil) a, =0, ¢, = c,a.b,(b, —by)(b, — 2b,) # 0;
(viii) ¢ = ¢, =0,(a; —a;)(by — b,) #0;
(ix) a, =0,b, =b,, ¢; =¢,, b, #0;

(x) a, =a;, b, =0,¢c,=c¢y, a; 0.

The problem of determining the integrating factors for equation (1) of the form u = h;?
with n = 3,n € M is a difficult problem with cumbersome calculations.
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