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Abstarct. In this article we study ternary system of differential equations that has as projections various
mathematical models. This system is studied using Lie algebra of transformations of rotation groups. Using
corresponding Lie operators, the comitants and invariants of ternary system of differential equations are
investigated.
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Rezumat. in acest articol se studiazi sistemul ternar de ecuatii diferentiale care are ca proiectii diverse
modele matematice. Acest sistem este studiat utilizdnd algebra Lie a transformarilor grupului de rotatie. Cu
ajutorul operatorilor Lie corespunzatori sunt cercetati comitantii si invariantii sistemului ternar de ecuatii
diferentiale.
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We will examine the ternary system of differential equations
dx’ i o :
E=a;x“+aij’xﬁ (j,a, =1223), N
where the tensor ajﬂ it is symmetrical to the lower indices after which the total convolution
takes place and rotation groups

—1 . —1 .

X =x'cosp, +X’sing, |X =x'cosp,+x’sing,,
1o 2 32 2

X =-x'sing, +x*cosg,, {X =x?,

X =%, X ==x!sing, + x*cosp,,
X =X,
X =X?cosg, + X*sing,, (2)
X =—x’sing, + X* cosg,.
(0<p <7z, 1=12,3)
The coefficients of system (1) and phase variables x*, x?, x* take values from the fields

of real numbers R.

System (1) is a generalization of several mathematical models, which have a great
importance for study of different pandemics in society. For example, this system has as
projections the mathematical models that govern the dynamics of tuberculosis [1] and a SIV
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[2] in society. The SIR mathematical model (susceptible-infected-removed), what is
contained in system (1) some specialists [3] have previously used it to examine the spread
of covid in society.

We will mention that different problems of system (1) were studied in Chisinau by
method of Lie algebras, the theory of invariants and the theory of orbital dimensions
according to the modulus of the centro-affine group. GL(2,R) in thesis papers [4,5,6], where
important results have been obtained.

An important place lies to rotation groups (2), when the characteristic equation of
system (1) have purely imaginary roots. These groups of transformations in each separate
case keep the canonical form of system (1) to which the given system can be brought. In this
case system (1) possesses extremely complicated geometric properties, but very useful for
practice.

Therefore, it is important to study Lie algebra of transformations (2) on system (1), as
well as invariants and comitants of this system in relation to the mentioned algebra for use
in the research of given system.

Lemma 1. Lie operators of a linear representation of groups (2) in the space of phase
variables and coefficients of system (1) are the following

X—xi xi2+D X, —xi xiS+D X, =x° az—xzis+D3, ©)
ox' OX ox* OX OX OX
where
=(a, +a1) +(—a1+a)—+a 1+( a1+a)— (a + af)iz—aé 62+
oa oa, 0a,
+ ag ig 3 ( a12 + a11) + ( a11 + azz + a12) + (azs + a13) 61 + (—28112 +
oa, 6 oay, a12 oa;
+ azz) aiz + ( 313 + azs) 6623 3.323 66;3 + (_3111 + 23122) a121 + (_a112 - a121 + a222) a%afz +
(al 25) 0 (a4 25) o — (3 ) -l 28— (A
6a‘13 aaZZ 6 23 aa33 a11
3y O ;s O , 0 0
* ) e ey, X, el
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, O
i
0a,

= (a;+ )—+a +(—1+ 3)a+26—26+(—1+ 3)i—

& +a * e a aeaagl a36af alaa§ Ch agaaf

(@) o+ (28, +3) aM+(aze,+a12 A ) el
0 0 0 0

+ + +a
a ;3 a13 all 23 aaiz ( a11 33) aa13 a12 aa23

+ (_allz + azs) + ( 2a13 + aas)

l
523
1

0
3+( a11+2a13) au+( a12+a23)6812+( a13 aaa) 3 22a 22_(a23+

+ a132) 68.3 - (a;3+ 23'133)_3’

23 3

- 2a123

63+(—a +

0 0
—a,—+a 6 +(a3+a)—+—+(—a§+a§)? e

oa;

a 1 1 a 1 1 a 1 a
+a + - +2a,,——+(-a;,+ ay,) —— — 2a,, ——+
) (a3 ) a13 alz a12 aa113 23 6&;2 ( 22 a33) 63.;3 23 aajSLS

a 0 0
2
+a12) oa’, + (- a12+a13) 313 7+ ( a5, +a5,) =5 oa’, + (=8, + a5+ ay)

+a;
1a1 oaz, "

2 3 0 2 0 2 3 0 0
+ (—28.23 + ass) 6a§3 —a;, 68131 + (_a12 + a13) au + ( a13 + a12) 813 + ( azz + 28.23) 68.22

0
2 +2a0,) —. 4
( a a22 + a33) a (a33 + a23) aas ( )

23 33
Theorem 1. Lie operators (3)—(4) forms a Lie algebra of transformations L,, semisimple,

with structure equations
[X, X, ]= X, [X, X, ]==X,, [X,,X.]=X,
D, D,]=D,, [D,D,]=-D,, [D,.D.]= Dl)
Because groups (2) are subgroups of centro-affine group GL(3,R) it is obvious that
any comitant and invariant of system (1) in relation to this group [4] is respectively comitant
and invariant of system (1) in relation to the groups (2).

Theorem 2. In order that polynomial K in the coefficients and phase variables of system (1)
to be a comitant of this system with respect to Lie algebra of transformations L,, it is

necessary and sufficient that it satisfies the equations
X, (K)=0 (i=123),

where X, are from (3)—(4), and in order that polynomial | in the coefficient of system (1) to

be an invariant of this system with respect to the above mentioned Lie algebra, it is
necessary and sufficient that it satisfies the equations
D.(1)=0 (i=12,3),

where D, are from (4).
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Using Theorem 2 the existence of comitants and invariants of system (1) with respect

to Lie algebra of transformations L, of operators from (3)—(4), which are not comitants and

invariants of this system with respect to centro-affine group GL(3,R) [4] it was shown.
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